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Graphical Definition of the Derivative

/ e

Examine point A (x, f(a:)) and point B <x +h, f(x+ h))
To find the Slope of tangent line:

Let the segment joining points A and B is called a secant line Lg (green line).

Ay _ flz+h)— f@@) _ flz+h) — fla)

Az rz+h—=x h

Slope of the secant line through points A and B: mp, =

As point B moves on the curve of f(x) towards point A, the secant line Lg change position as shown on the previous
graph. The slope of the secant line Lg also changes. As point B gets close to point A on the curve of f(z), the
distance between the z-values of both points (x + h) —x = h is getting smaller. As point B approaches point A,
value of h approaches 0 and the slope of the secant line Lg approaches the value of the slope of the tangent line Lp
at point A (red line). In mathematical terms, the limit concept is used:

i = i = Jiny L1 =10

Derivative of a function:

The slope of the tangent line Ly at point A with coordinates (m, f (m)) represents the derivative of the function
f(x) at any point on the curve of f(z).

The notation of the derivative of a function y = f(z) is

_@_ﬁ_l' M

Tdr  dr oo h

y = f'(x)

This is the definition of the derivative of function y = f(z)
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Derivative of a function:

In the following examples, you will apply this definition to find the derivative of a function y = f(z). To find the
slope of the tangent line at a specific & value a, replace this value in the derivative 3y’ = f'(x) and you will get a
value y'(a) = f’(a) representing the slope of the tangent line at that position on the curve.

Example 1: Given the function f(z) = 322, use the definition of the derivative to find the derivative of f(z).

The definition of the derivative is f'(z) = }llin%] w

We need to replace f(r) with 322 and f(z + h) with 3(z + h)?
Notice that f(x + h) is a composite operation requiring to replace each z in f(z) with (z+h).
Next we determine the derivative of f(z)

3(x+h)2—=32%2 0

oy iy JEER) = f@) _
o) = o, FEESEEE = gy TS g

Note: Algebra work is needed to remove the indetermination.
322 + 6zh + 3h? — 322 6xh + 3h? h(6x + 3h)

1 Ly Ly Ly _
)= h T T T A=

(a) Evaluate the slope of the tangent line

at zx =1.

The derivative of f(z) is f/(z) = 6z The graph shows the curve of f(z) (blue curve)
replace in the derivative x with 1 to find and the tangent lines at @ = —2 (red line)

the slope of the tangent line at = =1 and x =1 (green line)

df
= — = = y
ar| 6(1) =6 i

m = f'(1)

Note: Pay attention to different notations
representing slope of tangent line at = =1

(b) Find the equation of the tangent line

at = -2.

The derivative of f(z) is f'(z) = 6x
replace in the derivative x with —2 to find
the

slope of the tangent line at © = —2

df 3+ I
= = =6(—2) =-12 /
Iz 6(—2)

m=1(-2)
T=—2

Equation of tangent line: y = mx + b ‘
need to replace slope m = f'(—2) = —12 and -2
point at © = -2, y = f(—2) =12 to solve b

12=—12(-2) +b = b=—12

/
—=
—
8

y=—12x — 12
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5
Example 2: Given the function f(x)= e 521, use the definition of the derivative to find the derivative of f(x).

h) —
The definition of the derivative is f/(z) = Ain}) M

5 )
We need to replace f(z) with o and f(x 4+ h) with —ih

Notice that f(x + h) is a composite operation requiring to replace each = in f(z) with (z+ h).

Next we determine the derivative of f(x)

v f@th)—f@) . s s 0

Note: Algebra work is needed to remove the indetermination.

5z—5(z+h)

, T z(z+h) T —5h l s -5 B ;5 -2
f(x)—}lllir}) h _Ilzlg%) x(x—i—h)'h_}lpli% z(x+h) 22 b
(a) Evaluate the slope of the tangent line
at z=1. 5
The derivative of f(z) is f'(z) = 2 The graph shows the curve of f(x) (blue curve)
replace in the derivative z with 1 to find and the tangent lines at « = —5 (red line)
the slope of the tangent line at =z =1 and z =1 (green line)
d 5 \
m=pm=T — 2= y

Cdel,, (7 I

Note: Pay attention to different notations
representing slope of tangent line at =z =1

(b) Find the equation of the tangent line

at r = —5. 571
) il

The derivative of f(z) is f'(z) = ——

replace in the derivative  with —5 to find
the slope of the tangent line at =z = —5

_d B 5 1 et :
Codr|,_ s (=) 5

Equation of tangent line: y = mx + b

m = f'(-5)

1
need to replace slope m = f'(—5) = —— and

point at x = =5,y = f(—5) = —1 to solve b
“1=-3(-1)+b = b= -2

y:—%m—2
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Example 3: Given the function f(z) = 4/z = 4z'/?, use the definition of the derivative to find the derivative

of f(x).

The definition of the derivative is f'(z) = }llir% w

We need to replace f(z) with 4/z and f(x +h) with 4z +h
Notice that f(x + h) is a composite operation requiring to replace each z in f(z) with (z+h).

Next we determine the derivative of f(z)

oy fle+h)—fl@) . AVz+h—-4yz 0
(@) 7}33%) - h 7}1113%] h -0

Note: Algebra work is needed to remove the indetermination.

@) = lim (4vVe+h—4yz) (4Ve+h+4x) i 6@+ h) — 16z
=0 h(4Vz+h+4z) b0 h(4Va +h+47)
16h 1 1 2
f'(z) = lim 6 = 6 _ 16 2 9p—1/2
=0 h(4vVr+h+4yx) 4AVe+h+4yz 8Vz  Jx
(a) Evaluate the slope of the tangent line
at z=1. 5
The derivative of f(z) is f'(z) = VT The graph shows the curve of f(x) (blue curve)

and the tangent lines at « = 4 (red line)

replace in the derivative = with 1 to find
and x =1 (green line)

the slope of the tangent line at =z =1

d 2
_dr 2, gl

dr|,_, 1
Note: Pay attention to different notations
representing slope of tangent line at =z =1

(b) Find the equation of the tangent line T

at z=4. 5 1

The derivative of f(z) is f/(z) = 7 .\

replace in the derivative x with 4 to find

the slope of the tangent line at = = 4 1
df 2 v

m = / 4 = — = —— = 1

Equation of tangent line: y = mx +b ‘ ‘ ‘ ‘ ‘

need to replace slope m = f/(4) =1 and 0 1 4

point at =4,y = f(4) =8 to solve b

8=14)+b = b=4

=f'(1)

y=z+4
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Example 4: Given the function f(z) =6, use the definition of the derivative to find the derivative of f(z).

B) —
The definition of the derivative is f'(z) = }llin}) M

We need to replace f(z) with 6 and f(z+ h) with 6

Notice that f(x + h) is a composite operation requiring to replace each z in f(z) with (z+ h);
since no z is shown in f(x) =constant, then f(x + h) remains the same.

Next we determine the derivative of f(z)
o fleth)—flx) . 66 0
/ — — —
) = flng}) h heo b h—0 h  h—0

Note: The derivative of a constant is zero.
The constant function is a horizontal line with slope 0.

Example 5: Given the function f(z) = 2% — 2z, use the definition of the derivative to find the derivative of f(z).

The definition of the derivative is f'(z) = }llir% w

We need to replace f(x) with 2% — 2z and f(z +h) with (x + h)? —2(x + h)
Notice that f(x + h) is a composite operation requiring to replace each z in f(z) with (z+ h);

Next we determine the derivative of f(z)

(x4 h)? —2(z + h)} - [ﬁ - 24

. flx+h)— f(x) . 0
/ = _— = = —
flla) = Jim h fio h 0
Note: Algebra work is needed to remove the indetermination.
2?4 2xh 4+ h? — 22 — 2h — 22 + 2z
! — 1'
fi(x) = lim A
2xh + h? — 2h h(2x +h —2
Fla) = lim ZERERT =2 hGE AR =2 ot h—2) = 20— 2

h—0 h h—0 h h—0
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Example 5:

(a) Evaluate the slope of the tangent line
at x=2.

The derivative of f(z) is f/'(z) =2z — 2
replace in the derivative = with 2 to find
the slope of the tangent line at x =2

_ U

m=f(2) = =2(2)-2=2
dz|,_,
Note: Pay attention to different notations

representing slope of tangent line at x = 2

(b) Find the equation of the tangent line
at T =—-1.
The derivative of f(z) is f'(z) =2z —2
replace in the derivative x with —1 to find
the slope of the tangent line at =z = —1

/ df
m=f'(-1) = . z:71_2( 1)—2=-4
Equation of tangent line: y = ma + b
need to replace slope m = f/(—1) = —4 and
point at . = -1,y = f(—=1) =3 tosolve b
3=—4(-1)+b = b=-1

y=—4r -1

The graph shows the curve of f(z) (blue curve)
and the tangent lines at = —1 (red line)
and x = 2 (green line)

Y
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Differentiability:

Definition:
A function f(x) is differentiable at © =a if f(x) is continuous at = =a and f'(a)- = f'(a)+
(a) the curve of f(x) has no break or no vertical asymptote at = a (no discontinuity)

(b) no vertical tangent at x = a since the derivative is undefined,

(¢) no sharp turn on the curve of f(x) at x = a since the slope of the tangent at the left of z =a
will not be equal to the slope of the tangent at the right of x = a

A function f(x) is not differentiable at x = a if f(x) is discontinuous at = = a and/or f'(a)_ # f'(a)+

The following graphs show that the curve of f(x) is not differentiable at x = a

f(z) has a vertical tangent at « = a,
therefore the derivative (slope of tangent
line) is undefined

The curve of f(z) has a break
at = = a (discontinuity)
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The function f(x) is nondifferentiable
at © = —1 (vertical asymptote) and at
x =0 (curve breaks)

The function f(x) is nondifferentiable
at £ =—1 and = =2 (vertical tangent
line to the curve at these points)

A sharp turn on the curve of f(x) at
x = a shows the slope of the tangent
at the left of = = a is not equal to
the slope of the tangent at the right
of z=a

curve of f(z) —

The function f(z) is
nondifferentiable at = = —1,
r=2and z=3

(sharp turn at these points)




