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Why Use the Rules?

Based on the definition of the derivative, you notice that the computations and simplifications of the expressions are
rather difficult and tedious.

Instead of using the definition of the derivative, rules have been developed to reduce the amount of work and to get
the derivative faster.

Power Rule
In the examples shown in the tutorial: Definition of the Derivative, examine the following patterns:

The term has form of kz™ where k is the coefficient and n is the exponent;
k and n are real numbers, x is the variable.

The examples shown in the tutorial: Definition of the derivative gave:
in example 1: 3z has derivative 6z

in example 2: g = 52~! has derivative 5z 2

in example 3: 4/ = 4z'/? has derivative 2z~1/2

in example 4: 6 = 62° has derivative 0

The Power Rule: ‘ k™ has derivative nkz" !

Example 1: Given the function y = 15z%

(a) Find the derivative

Use the power rule with form kz™
y' =15(4)z*"1 = 6023

(b) Evaluate the slope of the tangent line
at x = —1
y'(~1) = 60(—1)® = —60

(c) Find the equation of the tangent line T
at z = —1

point at x = —1; y = 15(—~1)* =15 and ; ; ; ; ; ;
slope m = —60 -2 1\ 0 L 2 *
equation of tangent line: y = —60x — 45

the curve of the function in blue;
tangent line in red
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Example 2: Given the function y = — = 20273,
x

(a) Find the derivative

Use the power rule with form kx™
y' =20(-3)z7 371 = 60z~

(b) Evaluate the slope of the tangent line
at v =1
y'(1) = —60(1)~* = —60

(c) Find the equation of the tangent line
at x=1

point at x =1 y:%:% and
slope m = —60

equation of tangent line: y = —60x + 80

201
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the curve of the function in blue;
tangent line in red
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Example 3: Given the function y = 7 =102~1/2,
T

(a) Find the derivative

Use the power rule with form ka™

)
x+\T
(b) Evaluate the slope of the tangent line

at =1
y'(1) = =5(1) 7% = =5

y' =10 (- )gf%*l = _5p~3/2 — _

(SIS

(c) Find the equation of the tangent line
at z=1

pointat x=1; y= =10 and

10
V(1)
slope m = =5

equation of tangent line: y = —5x + 15

the curve of the function in blue;
tangent line in red
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Example 4: Given the function y = 20z/*

(a) Find the derivative

Use the power rule with form kx™

y' =20 (1) xi_l = Hp3/4

(b) Evaluate the slope of the tangent line
at z =1

v =57 =5

(c) Find the equation of the tangent line
at z=1

point at = 1; y = 20(1)"%/* =20 and
slope m =5
equation of tangent line: y = 5z + 15
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20+

/3012x

the curve of the function in blue;
tangent line in red

Example 5: Given the function y = 16 = 162° ,

(a) Find the derivative — use the power rule with form k2" — y’ =16 (0)2°~1 =0

(b) Evaluate the slope of the tangent line at * = -2 — y'(—2) = 16

(c) Find the equation of the tangent line at © = —2 — point at (—2,16) and slope m =0

equation of tangent line: y = 16

Note: The function y = 16 and the tangent line at (—2,16) are both the same horizontal line.

Addition & Subtraction Rule

Given the function f(z)+ g(x)

d
The derivative of the sum of two terms or two functions is cTy =y = f'(z)+ ¢ (x)
T

Given the function f(z) — g(z)

d
The derivative of the difference of two terms or two functions is cTy =y = f'(z)— ¢ (x)
T
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Example 6: Given the function y = ixs + 522,

Yy
(a) Find the derivative
Use the power rule and the addition rule to find
the derivative:
1

y' = 1 (8)28 1 +5(2)2% ! =227 + 10x
(b) Evaluate the slope of the tangent line 200 +
at r = -2
y'(=2) = 2(=2)" +10(-2) = —276

84t
(c) Find the equation of the tangent line
at v =-2

i =

pointat z = —2; y =1 (-2)84+5(-2)? =84 and 2\ vo b2
slope m = —276

equation of tangent line: y = —276x — 468 o
the curve of the function in blue;

tangent line in red

Example 7: Given the function y =4z — %x?’ ,
Y

(a) Find the derivative T
Use the power rule and the subtraction rule to T
find the derivative: T

1 1
y' =4(1) 27t - 5(3)303_1 =4—2? T
(b) Evaluate the slope of the tangent line ‘ P 0 5 3 -

at =3
y/(3)=4-(3)? =5 T

(c) Find the equation of the tangent line
at x =3 T

point at # =3; y =4(3) — 5 (3)> =3 and T
slope m = =5 T
equation of tangent line: y = —bx 4 18

the curve of the function in blue;
tangent line in red
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Example 8: Given the function y =5+ 2z — 22 |

(a) Find the derivative

Use the power rule, the addition rule and the
subtraction rule to find the derivative:

y' =50)20"t +2(1) 2"t — ()22t =2-22

Page 5 of 12

(b) Evaluate the slope of the tangent line
at x = —1
y(-1)=2-2(-1) =4

(c) Find the equation of the tangent line
at v =-1

pointat z=—1; y=5+2(-1)—(-1)2=2 and
slope m =4
equation of tangent line: y =4z + 6

the curve of the function in blue;

tangent line in red

2
Example 9: Given the function y =423 —4/x — = + 62%/3 + 17,
x

(a) Find the derivative

Use the power rule, the addition rule and the subtraction rule to find the derivative:

dy / 2_5,.-1/2 -2 -1/3 2 5 2 4
%:y =12z -3z 12 422072 4 4o~ 1/3 = 122 —ﬁ—i—ﬁ—i—m

(b) Evaluate the slope of the tangent line at = =1

y'(1) =12(1)% -
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Product Rule
The function y = u.v shows a product operation of 2 functions where u and v are functions of x.

To find the derivative, use product rule:

/ / /
— = =u .v+v.u
dx Y

Note: To use the product rule

- the multiplication operation must be in the function
-need v’ and v’ to replace them in the formula

Example 10: Given the function y = (22 —8).(3z +9) = 62% — 62 — 72,

(a) Find the derivative

Use the power rule and the product rule to find |
the derivative: 3

u=2r—-8—u=2; v=3x+9—0v =3

dy
dx

y'=2B8x+9)+32x—-8) =12 -6z

=y =u.v+7v.u

(b) Evaluate the slope of the tangent line
at z=1

y'(1)=12—-6(1) =6

(c) Find the equation of the tangent line
at z=1 1

point at x=1; y=—72 and

slope m = 6 the curve of the function in blue;

tangent line in red

equation of tangent line: y = 6x — 78
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Example 11: Given the function y = (2° — 62°% +2). (4 — 2 + 52*) |

(a) Find the derivative

Use the power rule and the product rule to find the derivative:
u=2°—62%+2—u =5z* —482" ; v=4—23 452 — v = —32% + 2023
d

el =y =u.v+7v.u

dx

y' = (5ot —4827)(4 — 23 + 52?) + (=322 4 2023) (2 — 62° + 2)

(b) Evaluate the slope of the tangent line at = =1

y'(1) = (5(1)4 - 48(1)7) (4 —(1)3+ 5(1)4> + <—3(1)2 + 20(1)3) ((1)5 —6(1)% + 2> = 395

Quotient Rule

The function y = — shows a division operation of 2 functions where u and v are functions of z.
v

To find the derivative, use quotient rule:

Note: To use the quotient rule

- the division operation must be in the function
-need v and v’ to replace them in the formula
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r—1

Example 12: Given the function y = —5
x

(a) Find the derivative

Y
Use the power rule and the quotient rule to find
the derivative: 1+
u=zrx—1l—-u=1; v=22—v =22
dy , v .v—v'.u
e 77 v2
, (2?2 —(2z)(z—1) —z+2
y = 1,4 = :CS

(b) Evaluate the slope of the tangent line

at r=1

-()+2 1
-

(c) Find the equation of the tangent line
at v =1

y'(1) =

point at x=1; y=0 and

slope m =1 the curve of the function in blue;
tangent line in red

equation of tangent line: y=x — 1

ZE2

2¢c+ 1"’

Example 13: Given the function y =
(a) Find the derivative

Use the power rule and the quotient rule to find the derivative:

u=22—-u =2z ;

v=22z+1—0v =2

dy , v.v—v.u

d:c_y: V2

_ (22)(2z +1) — (2)2®  22% + 22

(2 + 1) (2 + 1)2

/!

(b) Evaluate the slope of the tangent line at = =1

2(1)% +2(1)

(2(1) + 1)2

4
y'(1) = =3~ 0.44
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Chain Rule

The function y =u <v(z)> = (uow)(x) shows a composition operation of 2 functions where u and v are functions

of x.

To find the derivative, use chain rule:

General Power Rule: ‘y =u" = y' =nu""'.u

Note: To use the chain rule

- the composition operation must be in the function
- need u/(v) and v’ to replace them in the formula

Example 14: Given the function y = (4 — 2?)3 |
(a) Find the derivative

Use the power rule and the chain rule to find the
derivative:

U(v(w)> =(4-2?)° = (v(x)) = 3(4 — 22)2
v(z) =4 — a2 - ' (z) = —2

% =y =u (v(x)) (@)

y' =34 —a?)?. (-2z) = —6x (4 — 2°)?

(b) Evaluate the slope of the tangent line
at z =1

y'(1) = —6(1) (4 - <1>2)2 — 54

(c) Find the equation of the tangent line
at z =1

AR

) the curve of the function in blue;
point at x =1; y =27 and tangent line in red
slope m = —b4

equation of tangent line: y = —54x + 81
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Example 15: Given the function y = (22 — 42 +5)7,
(a) Find the derivative

Use the power rule and the chain rule to find the derivative:

u(v(w)) = (2?2 -4 +5)" — (v(w)) = 7(2? — 42 + 5)°
v() =22 -4z +5 - (z) =22 —4

Z—z =y = (v(x)) ()

y' =72 -4z +5)°. (22 —4) = 7(2? — 42 + 5)° (22 — 4)

(b) Evaluate the slope of the tangent line at « =1

y'(1)=1 ((1)2 —4(1) + 5)6 (2<1> - 4) = 89

Example 16: Given the function y = (22 — 3)* (52 + 1)3 , find the derivative and factor the answer.

Use the product rule, the chain rule and the power rule to find the derivative:
u= 2z —3)* - v =4(2x — 3)3(2) = 8(2z — 3)3

v=(5x+1)3 - v = 3(5x + 1)? (5) = 15(5x + 1)?

d
—yzy’zu’.v—kv’.u
dx

y' =8(2x — 3)3 (5z +1)% + 15(5z + 1) (2z — 3)* = (22 — 3)3 (5x + 1)? (70x — 37)

4z
5 » find the derivative and simplify the answer.

(z—-1)

Use the quotient rule, the chain rule and the power rule to find the derivative:

Example 17: Given the function y =

u=4dr —u' =4 ; v=(r—-1)?2—=v =2(x—-1)

dy , v.v—v.u
dizy =
x
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Example 18 (derivatives rules): Given f(1) = -2, f/(1) = —5 and g(z) = 322. f(x) , find ¢'(1).

Use the product rule to find the derivative:

u=322 —u =6z ; v=f(x) = = f(2)

d
—y:y’:u’.v+v’.u
dz

y' =6x.f(x)+ f'(x).32% ,replace x =1 = ¢'(1) =6(1). f(1)+ f(1).3(1)%? = 6(—2) + (=5)3 = —27

f(z)

Example 19 (derivatives rules): Given f(2)=—4, f’(2) =3 and g(z) = 57 3"
z —

find ¢'(2).
Use the quotient rule to find the derivative:

u=f(z) —=u' =f(x) ; v=20—-3—>v =2

dy , v .v—v.u
dz 7~ v?

y = LDCD D) ey 2 s gy - LAE-D-DIO_OD-OCY ),

Higher Order Derivatives

d d
Given the function y = f(z) , the notation of the first order derivative: y’ = d—y = fl(z) = d—f
x x
o o o, Py, d’f
The derivative of the first order derivative is the second order derivative: y"” = proi f(x) = Tz
x x

and so on, ...

The derivative of the second order derivative is the third order derivative: y®) =

Ty powy =2

dx3 da3

Fourth order derivative: y

d*y d*f
(4) = — = (4) - 2
dat F() dat

Note: y©® is the sixth order derivative; y® is the sixth power of y. Do not be confuse!
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. 2 _3 d3y
Example 20: Given y = — =277, find ——
X dx3| ,.__,
d d? a3 120
Use the Power Rule: ﬁ =6r"% — d—xg =-2477°% — d—;?{ = —12027% = -5
enlace 9 d3y 120 15
Ir r=—2 — — = — _ ——
P |, (~2)° 8

Example 21: Given f(z) = (2+ 32)7/3 | find f(3)<2)

Use the Chain Rule: f'(z) = I (24 32)%3(3) =7(2+432)*® — f"(z) =7(%) (2+ 32)'/3(3) = 28(2 + 32)'/3

. . 28
G () = 1 —-2/3(3) = -2/3 "2
fO(x) =28(3) (2+ 3z)"2/3(3) = 28(2 + 3x) CEETEE
28 28
_ 3 _
replace z =2 — f( )(2)—m_1_7

Example 22: Given y = e>**+6 find 3 (-3)

Use the Chain Rule: 3/ = 2e2*16 — ¢/ = 42046, 98) = 82046 __, (1) — 162246

replace = —3 — y#(=3) = 16716 =16

d3
Example 23: Given y = sin(3z) , find —g

d.’E =2

d d? a3
Use the chain Rule: % =3 cos(3z) — d—xg = -9 sin(3z) — d—xg = —27 cos(3x)
eplace 2 @y 27 cos(67) 27
r =27 — —— =— T) = —
P dx3

=27



